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Numerical simulations were carried out for microwa®e thawing of 2-D cylinders of
pure materials with internal con®ection in the liquid regions. Enthalpy formulation of
the energy balance equation was used with a superficial mushy region around the melt-
ing point. Electric field, energy and momentum balance equations were sol®ed using the
Galerkin finite-element method with the penalty finite-element formulation of the mo-
mentum balance equation. Microwa®e power absorption, temperature, and stream func-
tions were studied for ®arious cases. For samples of diameter D, thawing was contrasted
between samples for 0.032- DrD - 3.73 and 0.10 - Drl -1.58. These ratios werep m
computed based on the liquid-phase penetration depth D and wa®elength of mi-p
crowa®e radiation in the medium l . In all cases, Pr s0.5 was used and the Rayleighm
number ®aried from 1.067 =10 3 for the smallest diameter to 1.33416=10 5 for the

( )largest sample Ds 2 cm . Thawing was contrasted for MWs being incident from the
top and bottom faces of the cylinder and with the thawing dynamics in the absence of
con®ection in the liquid. Our simulations indicate that con®ection plays a small role for
DrD <1 and thawing is independent of the direction of MWs. At intermediate ®aluesp
of DrD where a strong maximum occurs in the power, the influence of con®ection withp
primary and secondary cell formation in the liquid regions was a strong function of the
direction of incident microwa®es. In the presence of multiple connected thawed regions
con®ection was suppressed.

Introduction

Ž .Microwaves MWs with their ability to penetrate dielec-
tric materials provide a rapid means of distributing heat
source within a sample. During melting or thawing, heating is
accompanied by a phase change and the sample can be made

Žup of liquid, solid, and mushy for multicomponent sub-
.stances regions. A successful model for MW thawing hinges

on effectively capturing the dynamics of melt formation, which
depending on the sample dimension, can occur from any lo-
cation in the sample due to the penetration of microwaves.
The inherent nonlinear and transient nature of the problem
is further complicated by the complex shapes of the liquid
and solid subdomains that can form during thawing. Due to
this, models for MW thawing in the literature which couple
the electromagnetics with the heat transport have been pri-
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Žmarily restricted to 1-D conduction based models Pangrle et
.al., 1991, 1992; Basak and Ayappa, 1997a . We have pre-

sented finite-element solutions for MW thawing using a 2-D
model for infinite cylinders exposed to plane electromagnetic

Ž .waves Basak and Ayappa, 1997b where we have illustrated
the efficacy of the effective heat capacity method, which ele-
gantly captures the dynamics and shapes of liquid, solid, and
mushy region formation with a fixed mesh. The primary focus
of this article is to incorporate and investigate the effect of
liquid convection during melting of a pure material with mi-
crowaves.

For a multicomponent material, the transition from solid
to liquid occurs via an intermediate state referred to as the
mushy region, consisting of co-existing liquid and solid phases
where the phase change occurs over a finite temperature
range. Unlike pure materials which melt at a distinct temper-
ature, the mushy region prevents the formation of a sharp
interface between solid and liquid. Models for phase change
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in substances which melt over a range of temperatures are
known as the effective heat capacity or enthalpy methods
Ž .Dalhuijsen and Segal, 1986; Dantzig, 1989 . The advantage
of these methods is the absence of a front tracking algorithm
and are ideally suited to handle multiple thawed regions
which arise during MW thawing. A single energy balance is
used for the entire domain which may consist of liquid, mush,
and solid regions. The occurrence of a particular phase is
obtained from the liquid volume fraction vs. temperature re-
lation for the particular material which is an equilibrium re-
lation obtained from the phase diagram of the material. For
a pure material, the liquid volume fraction vs. temperature
relationship is a step function with the jump occurring at the
melting point. In order to incorporate the enthalpy formula-
tion for modeling pure materials we introduce a superficial
mushy region around the melting point.

ŽThere exists a large literature Voller and Prakash, 1987;
.Brent et al., 1988; Dutta et al., 1995 on melting and solidifi-

cation studies in 2-D rectangular cavities where the phase
change is initiated from a wall either maintained at a con-
stant temperature or heated with a constant heat flux. These
models are based on the enthalpy-porosity approach for con-

Žvection-diffusion phase change problems Voller and Prakash,
.1987 . In the enthalpy-porosity approach, the enthalpy for-

mulation is coupled with the momentum balance equation
due to convective transport and a unified momentum balance
equation was developed for flows in porous regions applica-
ble for mushy, as well as liquid, regions. This unified momen-
tum balance approach involves a generation term known as
the Darcy term obtained from Darcy’s law. The generation
term is such that the Navier-Stokes equation is recovered for
the liquid region, and the velocities are set to zero in the
solid region. The coupled momentum and enthalpy equations

Žwere solved using the control volume method Patankar,
.1980 . Using the enthalpy-porosity approach, Voller and

Ž .Prakash 1987 predicted thawing dynamics with the velocity
profiles both in liquid, as well as mushy, regions. Brent et al.
Ž .1988 carried out melting studies of pure Gallium using the
enthalpy-porosity approach and the front positions were in
good qualitative agreement with the experimental results of

Ž . Ž .Gau and Viskanta 1986 . Dutta et al. 1995 successfully used
the enthalpy-porosity approach in moving gas tungsten weld-
ing for a 3-D cavity with nonaxisymmetric boundary condi-
tions. Common to all these studies is the absence of volumet-
ric heat generation during the phase change.

A few studies on liquid convection due to volumetric heat-
Žing effects have been reported in the literature Gartling,

1982; Datta et al., 1991, 1992; Ayappa et al., 1994; Gilchrist
. Ž .et al., 1998 . The study of Gartling 1982 illustrates convec-

tion within a rectangular cavity due to a uniform heat source
with a maximum temperature occurring in the upper portion

Ž .of the cavity. Datta et al. 1991, 1992 studied natural convec-
tion due to MWs in cylinders assuming that the absorbed mi-

Ž .crowave power follows a Lambert’s law. Ayappa et al. 1994
carried out convection studies in a rectangular cavity due to
MWs for various orientations of the incident waves. Maxwell’s
equations were solved to obtain the absorbed microwave
power. Their studies show that when the power peak is lo-
cated at the bottom of the cavity, convection is the greatest,
resulting in uniform temperatures in the sample. Convection
was found to play a smaller role where the power peak is

situated at the side or top of the wall. Apart from the study
Ž .by Gilchrist et al. 1998 , where the stability of microwave

heated fluid layers was examined, we are unaware of any
studies on the stability of MW heated 2-D systems. To our
knowledge, models which incorporate the effect of liquid
convection during MW thawing have not been reported in
the literature.

Here we model the MW thawing of a pure substance ex-
posed to uniform plane waves with the focus primarily on the
influence of internal convection on the MW thawing charac-
teristics for 2-D cylinders. Transient thawing dynamics are
contrasted for MWs incident from the bottom and top of the
cylinder. The energy balance equation is based on the en-
thalpy formulation with convective transport in the liquid. In
order to model melting in a pure substance using the en-
thalpy formulation, a superficial mushy region is assumed
around the melting point. The momentum balance is solved
in the liquid region alone, and flow in the superficial mushy
region is neglected. This is a good approximation, consider-
ing the small temperature difference in the superficial mushy
region. The coupled electric field, enthalpy and momentum
balance equations are solved using the Galerkin finite-ele-
ment method, with the penalty finite-element formulation
used for the momentum balance equation. The advantage of
the penalty finite-element method over the conventional
pressure-velocity formulation is the elimination of pressure
via a penalty parameter. A new feature is the implementation
of the radiation boundary condition for the electric field to
the half domain problem. Microwave power absorption, tem-
peratures, and stream functions are presented for a range of
DrD values where D is the sample diameter and D is thep p
MW penetration depth within the liquid phase.

Theory
Consider thawing in a 2-D cylinder of radius R, as shown

in Figure 1. Plane electromagnetic waves are incident either
from the bottom or top, and the cylinder is assumed to be
semi-infinite. Initially, the sample is completely frozen at a
uniform temperature T . The thermal properties in the cylin-0
der are assumed to be isotropic and the surrounding medium
is at the temperature T during the entire thawing period.0
Keeping the surrounding temperature at the initial tempera-
ture of the frozen sample minimizes convective heat transfer
from the surroundings. In order to use the enthalpy formula-
tion for a pure material a superficial mushy region is as-
sumed. The solids are assumed to be stagnant during thawing
and the internal convection is assumed to occur only in the
liquid regions. Since the temperature span in the superficial
mushy region is small, internal convection in the mushy re-
gion is neglected. This assumption is supported by a simple
scale analysis given in Appendix A.

Energy and momentum balance equations
For pure materials, such as ice, the liquid volume fraction

f is a step function of temperature with a discontinuity atl
the melting point T , as shown in Figure 2. To implementm
the enthalpy method for this situation, we assume a superfi-
cial phase change range of DT around T , within which f ism l
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Figure 1. Liquid, solid and mushy regions in a partly
thawed sample exposed to a plane electro-
magnetic wave.

Ž .The incident electric field is oriented along the axis z-axis
of the cylinder. Two incident configurations are shown.

assumed to vary linearly from 0 to 1

0 T FT ,° i

T yTi~ T FT FT ,i ff s 1Ž .l T yTŽ .f i¢1 T GT ,f

with T sT yDTr2 and T sT qDTr2. DT s0.2 K wasi m f m
Ž .used in all computations. With this assumption, f T re-l

duces to a continuous function removing numerical difficul-
ties associated with a step function. The enthalpy formula-
tion for a domain consisting of solid, liquid, and mushy re-
gions is governed by a single energy balance equation

­ H
qd rC U?=T s=? k =T q q T , 2Ž . Ž .l l eff­ t

where

0 0Ff -1, solid and mushyl
d s 3Ž .l ½ 1 f s1, liquidl

Figure 2. Solid and liquid regions separated by a su-
perficial mushy region.
} } }, The step function for f vs. T curve at T : } al m
linear function for f vs. T for a superficial mushy regionl
between T and T . T is the initial temperature of the frozeni f 0
sample and T is the maximum allowable temperature withinr
the sample.

Ž .U is the fluid velocity and the enthalpy H T which is a func-
tion of the temperature at a given location in the sample is

T
H T s 1yf rC a daŽ . Ž .Ž .Hl s

T0

T Tiqf rC a da q rlq rC a da , 4Ž . Ž . Ž .H Hl s t
T T0 i

where C and C are the heat capacities of the liquid andl s
solid phases, respectively, T is the initial temperature of the0
frozen sample, and l is the latent heat of melting. The den-
sity r of the solid and liquid phases are assumed to be simi-
lar. In Eq. 2 the effective thermal conductivity k sf k qeff l l
Ž .1yf k , where k and k are the thermal conductivities ofl s l s

Ž .the liquid and solid phases, respectively, and q T is the ab-
sorbed microwave power. The second term in Eq. 2 repre-
sents heat transfer due to internal convection. The associated
equation for the momentum transport in the liquid phase
given by the Navier-Stokes equation with the Boussinesq ap-
proximation for buoyancy driven flow is

­ U
2r q rU?=Usy=P qm= Uy r b T yT g , 5Ž .Ž .0 f­ t

and the continuity equation is

=? Us0. 6Ž .

In Eq. 5 r is the density at the reference temperature T , b0 f
is the volume expansion coefficient, P is the pressure, and m
is the viscosity. The first two terms in the lefthand side de-
note the rate of change of momentum and the convective
momentum transport, respectively. The first term on the
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righthand side denotes momentum transport due to a pres-
sure gradient, the second term is the momentum transport
due to viscous forces, and the last term is the momentum
transfer due to buoyancy where the density is assumed to
vary linearly with temperature. In the Boussinesq approxima-
tion, the temperature variation of the fluid density appears

Ž .only as a body force term last term in Eq. 5 in the momen-
tum balance equation, and density appearing in the lefthand

Ž .side of the Eq. 5 is assumed to be a constant r .0
Using the following dimensionless variables

RU PR2
U= s R=, us , ps 2a r a0 0 0

H T yT a t0 0
Hs , u s , and t s . 7Ž .2r C T yT T yT RŽ .0 0 r 0 r 0

Eqs. 2 and 5 for a 2-D cylinder in dimensionless form are

­ H
U U Uqd rC u ?= u s= ? k = u qQ u , 8Ž . Ž .Ž .l l eff­t

and

­ u
U U U2q u ?= usy= pq Pr= uq Ra Pr u yu e . 9Ž .Ž .m f y­t

Ž .Using Eq. 4, the dimensionless enthalpy H u in Eq. 8 is

u X XH u s 1yf rC a daŽ . Ž .Ž .Hl s
u 0

ru ui X X X Xqf rC a da q q rC a da . 10Ž . Ž . Ž .H Hl s lStu um0 i

The dimensionless quantities in Eqs. 8]9 are

qR2 r rCs
Qs , r s , rC s ,sk T yT r r CŽ .0 r 0 0 0 0

rC k C T yTŽ .l eff 0 r 0
rC s , k s , St s ,l eff mr C k l0 0 0

m R3r g b T yTŽ .0 r 0
Pr s , and Ra s .mr a ma0 0 0

Here r , C , k , T and a are the reference density, heat0 0 0 r 0
capacity, thermal conductivity, reference temperature, and
thermal diffusivity, respectively. In Eq. 9, Pr and Ra denotem
the Prandtl number and modified Rayleigh number respec-
tively, and e is the vector such that g sy ge . Typically, they y
Rayleigh number is a measure of the importance of buoyancy
driven flow where flow is driven between a hot and cold plate.
In the present situation, where the flow is due to a volumet-
ric heating effect, we defined a modified Rayleigh number
Ra with respect to the difference between the referencem
temperature, T and the initial temperature T . Similarly, Str 0 m
in Eq. 10 is the modified Stefan number based on T and T .r 0

Figure 3. Finite-element mesh used in the study for the
cylindrical half domain.
Symmetry conditions for the electric field components and
temperature are imposed on G . Mapping from x y y to j y1
h for a representative element is shown.

The reference temperature T is typically the maximum al-r
lowable temperature within the sample. The initial condi-
tions are

u t s0 s0, and u t s0 s0 for y1F x , yF1. 11Ž . Ž . Ž .

A uniform convective heat-transfer coefficient is maintained
at the wall of the cylinder and the fluid velocities satisfy the
no slip criteria at the wall. Since the MWs are incident either
from the top or bottom, as shown in Figure 1, the heat and
the fluid flows are symmetric with respect to the y-axis and
solutions are obtained only in the half domain, as shown in
Figure 3. The boundary conditions in dimensionless form for
the temperature are

­u
s0, at G1­ x

and

Uy n ? k = u s Biu , at G 12Ž .eff 2

where Bis hRrk and h is the heat-transfer coefficient from0
the sample to the surroundings. For velocities in the liquid
region

­ u y
u s0, s0, at Gx 1­ x

and

u s0, u s0, at G , 13Ž .x y 2

Ž .where G and G are the boundaries see Figure 3 . At the1 2
interface between the mush and the liquid, the velocity at
nodes whose temperature lies in the mushy region are set to
zero.

Electric field equations for a cylinder
We consider the microwave thawing in an infinite cylinder

Ž .where the electric field is oriented along the long axis z-axis
of the cylinder, as shown in Figure 1. The incident microwave
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is a uniform plane wave, with the electric and magnetic com-
ponents varying in intensity only in the direction of wave

Ž .propagation y-axis . In this situation Maxwell’s equations for
the electric field E reduce to a single equationz

=2E q k2 f E s0, 14Ž .Ž .z l z

where f is the liquid volume fraction and the propagationl
constant

v
X Yks k f q ik f , 15' Ž .Ž . Ž .l lc

XŽ . YŽ .depends on k f , the relative dielectric constant and k f ,l l
the relative dielectric loss. The dielectric constant measures
the ability to store electric energy and the dielectric loss mea-
sures the ability to convert electric energy into heat. Here
v s2p f , where f is the frequency of the electromagnetic
wave and c is the velocity of light. We assume that the di-
electric properties are temperature-dependent only due to
their dependence on f . Hence, in regions of pure liquid andl
solid the dielectric properties are assumed to be independent
of temperature. Previous studies on the influence of temper-
ature-dependent dielectric properties indicate that this is a

Ž .good assumption at 2,450 MHz Ayappa et al., 1991 . The
dielectric properties in the superficial mushy region are the
functions of the dependent liquid volume fraction, and the
mixture rules for k X and kY are similar to those used in our

Ž .earlier work Basak and Ayappa, 1997a .
The power absorbed per unit volume is

1
Y Uqs ve k E E , 16Ž .0 z z2

where e is the free space permittivity and EU is the com-0 z
plex conjugate of E . For a given flux of incident radiation Iz 0
in free space the incident electric field intensity E is given0
by

2 I0
E s 17Ž .0 ( ce0

It is assumed in the model that the liquid and solid phases
Ž .are always separated by a mushy region Figure 2 which is

found to be true for all the cases simulated here. This cou-
pled with the continuity of the f vs. T relationship alwaysl
ensures that the dielectric properties are continuous across
the sample. Hence, interface conditions between solid and
mush or liquid and mush are not required while solving the
electric field equation.

Using the dimensionless variables

Ez Uu s and = s R=,z E0

Equation 14 reduces to

=U2 u qg 2 f u s0, 18Ž .Ž .z l z

Ž .where u is the electric field intensity and g f sz l
X YŽ .Rvrc k f q ik f is the propagation constant. Sub-' Ž . Ž .l l

stituting the complex field variable u s ® q iw into Eq. 18z z z
and equating the real and imaginary components

=U2 ® q x f ® y x f w s0 19Ž .Ž . Ž .z 1 l z 2 l z

and

=U2 w q x f ® q x f w s0, 20Ž .Ž . Ž .z 2 l z 1 l z

Ž . Ž 2 2 2 . X Ž . Ž .w h ere x f s R v rc k f an d x f s1 l l 2 l
Ž 2 2 2. YŽ .R v rc k f .l

Ž .A radiation boundary condition RBC is used to prevent
calculating the electric field exterior to the sample. Since the
dielectric properties external to the cylinder are invariant, the
field outside the cylinder can be expressed using a series so-
lution. Using the Dirchlet to Neumann mapping, an RBC that
can be applied at the surface of the cylinder is obtained. The

Ž .details of the derivation are given by Ayappa et al. 1992 . In
this article we illustrate how the RBC can be applied to the
half-domain, the details of which are given in Appendix B.
The RBCs for ® and w arez z

`
Un ?= ® s Re C cos nfŽ .Ýz n

ns 0

`
2p X X Xq Re D ® 1,f cos n f yf dfŽ . Ž .Ž .HÝ n z

0ns 0

`
2p X X Xy Im D w 1,f cos n f yf df 21Ž . Ž . Ž .Ž .HÝ n z

0ns 0

and

`
Un ?= w s Im C cos nfŽ .Ýz n

ns 0

`
2p X X Xq Im D ® 1,f cos n f yf dfŽ . Ž .Ž .HÝ n z

0ns 0

`
2p X X Xq Re D w 1,f cos n f yf df 22Ž . Ž . Ž .Ž .HÝ n z

0ns 0

where the coefficients

X UŽ1.H vŽ .nXU U UnC se i v J v y J v 23Ž . Ž . Ž .n n n n UŽ1.H vŽ .n

and

vUd H Ž1.X vUŽ .n n
D s 24Ž .n UŽ1.p H vŽ .n

and

1r2, ns0;1, ns0;
e s and d s 25Ž .n n½ ½2, otherwise, 1, otherwise.
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In the above equations vU s v Rrc, J and H Ž1. are then n
Bessel and Hankel functions of the first kind, respectively,

Žand the prime indicates the first derivatives Abramowitz and
.Stegun, 1970 . The expression for the microwave power term

in Eq. 8 is

R2ve kY f E2Ž .0 l 0 2 2Q f u s ® qw 26w xŽ . Ž .Ž .l z z2k T yTŽ .0 r 0

Microwa©e power absorption: characteristic parameters
Using the relationship between the dielectric constants with

Ž .l and D Ayappa, 1997 the propagation constant in Eq.m p
14 can be expressed as

ks 2prl q i 1rD . 27Ž .Ž . Ž .m p

The above form of the propagation constant indicates that
for a fixed incident frequency and intensity, l and D arem p
the two length scales that determine the electric field distri-
bution in the sample. The material dielectric loss kY in terms
of D and l , obtained from Eqs. 15 and 27 by equating realp m
and imaginary parts, is

4p c2
Yk s . 28Ž .2v l Dm p

Ž .Using Eqs. 17 and 28, the microwave power term Eq. 26
reduces to

D D
2 2Qs G ® qw , 29Ž .Ž .z zž /ž /D lp m

Žwhere Ds2 R is the sample diameter, Gs l I r2k T y0 0 0 r
.T , and l scrf is the wavelength of radiation in free space.0 0

Ž .The electric field distributions ® , w are functions of thez z
sample dimension; hence, for a constant D, the three param-
eters DrD , Drl and G are the natural dimensionless num-p m
bers for the MW heating. Since the dielectric properties vary
spatially within the mushy region, a constant value for Dp
and l cannot be obtained during thawing. In the presentm
study, we choose D and l for the liquid phase as appropri-p m
ate length scales, since the microwave power absorption in
the solid phase is very small.

Solution procedure
The energy balance equation Eq. 8, momentum balance

for the liquid region Eq. 9, and the electric field equations
Eqs. 19 and 20 are solved using the Galerkin finite-element
method. In order to solve Eq. 9, we use the penalty finite-ele-
ment method where the pressure p is eliminated via a penalty

Ž U .parameter g with the incompressibility condition = ? us0
treated as a constraint. The penalty finite-element method is
a standard technique for solving incompressible viscous flows,

Žand there exists a larger literature on the subject Hughes et
.al., 1979; Reddy, 1993, others . In order to implement the

penalty finite-element formulation the pressure expressed in
terms of the penalty parameter and the continuity equation is

psyg =U? u 30Ž . Ž .

As a consequence, the continuity equation is satisfied in the
limit of large g . Numerical tests indicate that typical values of

7 Ž .g that yield consistent solutions are 10 Reddy, 1993 . Using
Ž .Eq. 30, the momentum balance equation Eq. 9 is

­ u
U U U U2q u ?= usg= = ? u q Pr= uq Ra Pr u yu e .Ž . Ž .m f y­t

31Ž .

Ž .The velocity components u and u obtained from Eq. 31x y
are

­ u­ u ­ u ­ u ­ ­ u yx x x x
qu qu sg qx y ž /­t ­ x ­ y ­ x ­ x ­ y

­ 2u ­ 2ux x
q Pr q , 32Ž .2 2ž /­ x ­ y

and

­ u ­ u ­ u ­ u­ ­ uy y y yx
qu qu sg qx y ž /­t ­ x ­ y ­ y ­ x ­ y

­ 2u ­ 2uy y
q Pr q q Ra Pr u yu . 33Ž .Ž .m f2 2ž /­ x ­ y

The symmetry of the microwave radiation with respect to
xs0, as shown in Figure 1, results in a temperature distribu-
tion which is also symmetric with respect to xs0 for both
the bottom and top incident microwave radiations. Hence,
we solve the equations only in one-half of the cylinder, as

Ž .shown in Figure 3. Expanding the real ® and imaginaryz
Ž . Ž .components w of the electric field, the temperature uz

Ž . � 4and the velocity components u , u in a basis set Fx y

N N

® f ® F x , y , w f w F x , y ,Ž . Ž .Ý Ýz z ,k k z z ,k k
k s1 k s1

N N

u f u F x , y , u f u F x , y ,Ž . Ž .Ý Ýk k x x ,k k
k s1 k s1

N

and u f u F x , y , 34Ž . Ž .Ýy y ,k k
k s1

for

y1F x , yF1,

the Galerkin finite-element method yields the following non-
linear residual equations for Eqs. 19 and 20, 8, 32, and 33,
respectively

N ­ F ­ F ­ F ­ Fi k i kŽ1. tq1R s ® q dxdyHÝi z ,k ­ x ­ x ­ y ­ yVk s1

N
tq1 tq1q w x f F F dxdyŽ .HÝ z ,k 2 l i k

Vk s1

N
Utq1 tq1 tq1y ® x f F F dxdyy F n ?= ® dG 35Ž .Ž .H HÝ z ,k 1 l i k i z

V G2k s1
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N ­ F ­ F ­ F ­ Fi k i kŽ2. tq1R s w q dxdyHÝi z ,k ­ x ­ x ­ y ­ yVk s1

N
tq1 tq1y ® x f F F dxdyŽ .HÝ z ,k 2 l i k

Vk s1

N
Utq1 tq1 tq1y w x f F F dxdyy F n ?= w dG 36Ž .Ž .H HÝ z ,k 1 l i k i z

V G2k s1

tq1 tN H y Hk kŽ3.R s F F dxdyHÝi i k½ 5DtVk s1

1
tq1 tq1 tq1 tq1 tq1 tq1q F ® , w , u , u , u , fŽ .1 z z x y l2

t t t t t tq F ® , w , u , u , u , f 37Ž .Ž .1 z z x y l

N tq1 tu yux ,k x ,kŽ4.R s F F dxdyHÝi i k½ 5DtVk s1

1
tq1 tq1 tq1 tq1 t t t tq F u , u , u , f q F u , u , u , f 38Ž .Ž . Ž .2 x y l 2 x y l2

N tq1 tu yuy ,k y ,kŽ5.R s F F dxdyHÝi i k½ 5DtVk s1

1
tq1 tq1 tq1 tq1 t t t tq F u , u , u , f q F u , u , u , f 39Ž .Ž . Ž .3 x y l 3 x y l2

twhere H is evaluated using Eq. 10 ask

N
t tH s 1yf rC u FŽ . Ýk l s k k

k s1

Nr
tqf rC u q qrC u F yu , 40Ž .Ýl s i l k k iž /Stm k s1

F ® t , wt , u t , ut , ut , f tŽ .1 z z x y l

N N ­ Fkt tsd rC u u FHÝ Ýl l k x ,k kž / ­ xVk s1 k s1

N ­ Fktq u F F dxdyÝ y ,k k iž / ­ yk s1

N ­ F ­ F ­ F ­ Fi k i kt tq u k f q dxdyŽ .HÝ k eff l ­ x ­ x ­ y ­ yVk s1

22 2 NR ve E0 0 Y t ty k f ® FŽ .H Ýl z ,k k½ ž /2k T yTŽ . V0 r 0 k s1

2N
t tq1q w F F dxdyq F Biu dG 41Ž .HÝ z ,k k i i5ž / G2k s1

N N ­ Fkt t t t t tF u , u , u , f s u u FHŽ . Ý Ý2 x y l x ,k x ,k kž / ­ xVk s1 k s1

N ­ Fktq u F F dxdyÝ y ,k k iž / ­ yk s1

N N­ F ­ F ­ F ­ Fi k i kt tqg u dxdyq u dxdyH HÝ Ýx ,k y ,k­ x ­ x ­ x ­ yV Vk s1 k s1

N ­ F ­ F ­ F ­ Fi k i ktq Pr u q dxdyHÝ x ,k ­ x ­ x ­ y ­ yVk s1

y Pr n ?=utF dG 42Ž .H x i
G1

N N ­ Fkt t t t t tF u , u , u , f s u u FHŽ . Ý Ý3 x y l y ,k x ,k kž / ­ xVk-1 k s1

N N­ Fkt tq u F F dxdyqg uÝ Ýy ,k k i x ,kž / ­ yk s1 k s1

N­ F ­ F ­ F ­ Fi k i ktdxdyq u dxdyH HÝ y ,k­ y ­ x ­ y ­ yV Vk s1

N ­ F ­ F ­ F ­ Fi k i ktq Pr u q dxdyHÝ y ,k ­ x ­ x ­ y ­ yVk s1

N
ty Ra Pr u F yu F dxdyH Ým k k f iž /V k s1

y Pr n ?=utF dG 43Ž .H y i
G1

and

is1 . . . N and ts time index

The gradients of the electric field in the surface integrals due
to RBC of Eqs. 35 and 36 are evaluated for a half domain
Ž .see Figure 3 . The unconditionally stable Crank-Nicholson
algorithm is used to discretize the time domain in Eqs. 37]39
and biquadratic basis functions with three point Gaussian
quadrature are used to evaluate the integrals in the residual
equations.

In Eqs. 42 and 43 the second integral containing the penalty
Ž .parameter g are evaluated with two point Gaussian
Žquadrature reduced integration penalty formulation, Reddy,

.1993; Hughes, 1979 . It has been found that lowering the or-
der of integration is necessary to prevent ill-conditioning of
the Jacobian for large values of g . The nonlinear residual

Ž .equations Eqs. 35]39 are solved using a Newton-Raphson
procedure to determine the coefficients of the expansions in

ŽEq. 34 at each time step. At each time step, the linear 5N =
.5N system solved is

n , tq1 w n , tq1 nq1, tq1 x n , tq1J a a y a s R a , 44Ž . Ž . Ž .
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where n is the Newton iterate index and t the time index.
Ž n, tq1.The elements of the Jacobian matrix, J a contains the

derivatives of the residual equations with respect to the tem-
Ž . Ž . Ž .perature u ’s , velocity vectors u ’s, u ’s electric field un-x y

Ž . . Ž n, tq1.knowns ® ’s and w ’s and R a is the vector of residu-z z
als. The fluid motion is displayed via the stream function c
obtained from velocity u and u .x y

Domain discretizations and integrations
Finite-element meshes for the computational domain are

shown in Figure 3. Mesh numbering from the center outward
was used in both cases. We have used nine node biquadratic
elements with each element mapped using isoparametric

Ž .mapping Reddy, 1993 from xy y to a unit square j yh
domain, as shown in Figure 3. Correspondingly, the domain
integrals in the residual equations are evaluated using nine
node biquadratic basis functions in j yh domain using

9 9

xs x F j , h and ys y F j , h , 45Ž . Ž . Ž .Ý Ýi i i i
is1 is1

Ž .where F j , h are the local biquadratic basis functions oni
the j yh domain. At the center of the cylinder, collapsed
elements are used where three nodes share the co-ordinates
at the origin.

RBC for the half domain
With the finite-element expansions in Eq. 34 and RBCs

from Eqs. 21 and 22, the boundary integrals for M nodes on
Ž .G Figure 3 are2

( )Figure 4. a Comparison of temperature distributions:
— solution obtained by modified isotherm mi-

( )gration method Talmon et al., 1983 and `,
( )= finite-element solution; b temperature

contours obtained by the finite-element solu-
tion. The shaded region denotes the solid
phase. The distance 1I r is measured from
the outer surface of the cylinder.

`
U hF n ?= ® dGs Re C jŽ .H Ýi z n in

G2 n

M `
h f fq ® Re D j j q b b jŽ . Ž .Ý Ýj n in j ,n 1 j M j 2 My j ,n

js1 ns 0

h f fqh h q b b hŽ .in j ,n 1 j M j 2 My j ,n

M `
h f fy w Im D j j q b b jŽ . Ž .Ý Ýj n in j,n 1 j M j 2 My j ,n

js1 ns 0

h f fqh h q b b h , 46Ž .Ž .in j ,n 1 j M j 2 My j ,n

and

`
U hF n ?= w dGs Im C jŽ .H Ýi z n in

G2 n

M `
h f fq ® Im D j j q b b jŽ . Ž .Ý Ýj n in j ,n 1 j M j 2 My j ,n

js1 ns 0

h f fqh h q b b hŽ .in j ,n 1 j M j 2 My j ,n

M `
h f fq w Re D j j q b b jŽ . Ž .Ý Ýj n in j ,n 1 j M j 2 My j ,n

js1 ns 0

h f fqh h q b b h , 47Ž .Ž .in j ,n 1 j M j 2 My j ,n

where

p 2p ¶h fj s cos na F da , j s cos na F daH Hln ll ln ll
0 0 •ls i , j.

p 2ph fh s sin na F da , h s sin na F daH H ßln ll ln ll
0 0

48Ž .

and b s1yd , where d is the Kronecker delta symbol,i j i j i j
with the property

0, i/ j;
d s 49Ž .i j ½ 1, is j,

The summations over the index n refer to the coefficients
involving Bessel functions, typically, Ms15 to 20. Note that
the RBC involves integrals for the full domain, as well as for

Ž .the half domain. The full domain 0-f -2p integrals arise
during the derivation of the RBC and are a consequence of

Ž .the orthogonality relationships Ayappa et al., 1992 . The half
Ž .domain integrals 0-f -p are due to the restriction of the

finite-element solution to the half domain G . The details of2
the derivation and implementation for one representative
term in the RBC are outlined in Appendix B.

E©aluation of stream function
ŽThe relationships between stream function c Batchelor,

.1993 and velocity vectors for 2-D flows are

­c ­c
u s , u sy , 50Ž .x y­ y ­ x
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which yield a single equation

­ u­ u yx2= c s y . 51Ž .
­ y ­ x

ŽUsing the above definition of the stream function Batchelor,
.1993 , the positive sign of c denotes anticlockwise circulation

and the clockwise circulation can be represented by the nega-
Ž .tive sign of c . Expanding the stream function c in a basis

N

� 4 Ž .set F as c s c F x, y and using the relation for uÝ k k x
k s1

and u from Eq. 34, the Galerkin finite-element yield they
following linear residual equations for Eq. 51

N ­ F ­ F ­ F ­ Fi k i ks tq1R s c q dxdyHÝi k ­ x ­ x ­ y ­ yVk s1

n n­ F ­ Fk ktq1 tq1q u F dxdyy u F dxdyH HÝ Ýx ,k i y ,k i­ y ­ xV Vk s1 k s1

y F n ?=Uc tq1dG 52Ž .H i
G2

Ž .The no-slip condition is valid at G Figure 3 and there is no2
Ž .cross flow along G Figure 3 , hence c s0 is used for nodes1

Figure 5. Power, temperature and stream function con-
tours during microwave thawing for a Ds0.4
cm cylinder exposed to microwaves from the
bottom.
DrD s 0.032, Drl s 0.104, Pr s 0.5, Ra s1.067=10 3, Gp m m
s9, St s 6.8, Bis 0.004. Circulations occur when the sam-m
ple is completely thawed.

at G and G . The biquadratic basis function is used to evalu-1 2
ate the integrals in Eq. 52 and c ’s are obtained by solving the

Ž .N linear residual equations Eq. 52 .

Results
Numerical tests

Prior to discussing our results on microwave thawing, we
report the various tests that were carried out. Figure 4 illus-
trates the thawing of a pure material with the enthalpy for-
mulation in the absence of convection and without MWs, with
a superficial mushy region of width DT s0.2 K. Here, the
boundary of the cylinder was maintained at a constant tem-
perature of 283 K and the solid region which is at an initial
temperature of 273 K is retained at this temperature during
the process. The temperature variation in the liquid region
and the isotherms are shown in the Figures 4a and 4b, re-
spectively. We have compared the temperatures with the data

Ž .taken from Talmon et al. 1983 where a modified isotherm
migration method was used. We note that while using the
enthalpy formulation with the superficial mushy region, the

Ž .thermal properties of the solid phase are required Eq. 4 .
Since this data are not available, the thermal properties of
the solid were assumed to be that of the liquid. Figure 4b
illustrates that the melting front is clearly resolved.

To test the penalty finite-element method we solved the
2-D flow in a driven cavity problem. Computations were car-
ried out for Res400 and 1,000 and compared with the re-

Ž .sults of Schreiber and Keller 1983 . In all cases the agree-
ment was excellent. We studied the effect of varying the
penalty parameter g for two different Reynolds numbers.
Based on these tests, g s107 was used in all our simulations.
Tests for buoyancy driven convection in the absence of MWs

Figure 6. Same parameters as in Figure 5, but MWs are
incident from the top.
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were carried out for liquid in a cavity with Dirichlet boundary
conditions on the side walls and insulated bottom and top

Ž .walls Mallinson and Davis, 1977 , and for fluid being heated
between a hotter inner cylinder and a cooler outer cylinder
Ž .Kuehn and Goldstein, 1976 .

Microwa©e thawing
In order to study the effect of changing dielectric and ther-

mal properties on MW thawing, computations were carried
out in the following manner. The solid phase l and D werem p
held constant by fixing the dielectric properties of the solid
phase k X s5, kY s0.5. For a fixed sample diameter D, thes s
dielectric properties of the liquid phase were varied to inves-
tigate heating patterns in samples with different DrD andp
Drl ratios. The relevant dimensionless numbers are men-m
tioned below each figure. The DrD and Drl values re-p m
ported and mentioned in the discussion below are based on
the liquid phase D and l . In all cases the incident fre-p m
quency f s2,450 MHz and the intensity of incident radiation
I s1 W ?cmy2. The temperature and time are reported in0
dimensionless units, and, for all simulations, the melting point
is assumed to be 273 K with a superficial mushy region of
width DT s0.2 K. The number of elements in the finite-ele-
ment solution vary between 10=10 to 14=14 for 0.4 cm- D

Figure 7. Power, temperature and stream function con-
tours during microwave thawing for a Ds1
cm cylinder exposed to microwaves from the
bottom.
DrD s 0.18, Drl s 0.58, Pr s 0.5, Ra s1.6677=10 4, Gp m m
s9, St s 6.8, Bis 0.01. Four convection cells occur whenm
the sample is completely thawed.

F1 cm, and, for Ds2, cm 16=16 elements were used. Typi-
cal time steps were Dt s10y3 ]10y5 and smaller times steps
were required for strong circulations. We have used constant
thermal properties in the solid and liquid phases, that is, Cl
sC sC , k s k s k . The computations were carried outs 0 l s 0
in IBM 590 workstations and the typical CPU time varied
from 16 h for the smaller cylinders to about 140 h for the
larger cylinder.

Figure 5 illustrates the power, temperature and stream
Žfunctions at different time intervals for a small sample Ds

.0.4 cm heated with microwaves from below. The shaded re-
Ž .gion in the plots represent the mushy ‘‘solid’’ region where

272.9 K -T -273.1 K. Since DrD s0.032, the power ab-p
sorption and temperatures are uniform across the sample and
the entire sample turns mushy during heating. At t s6.9, the
sample is completely thawed and two circulation cells, which
extend across the sample, are observed.

The results in Figure 6 are for the same conditions as in
Figure 5, except the MWs are now incident from the top of
the sample. For comparison, the different stages are shown
at the same time intervals for the bottom incidence case in
Figure 5. Due to the uniform power absorption, the direction
of the incident wave is seen to have little influence on the
thawing dynamics. In Figure 7 the sample diameter is in-
creased to Ds1 cm, DrD s0.18. For MWs incident fromp

Ž .the bottom Figure 7 , the maximum power absorption occurs
at the top of the sample and the liquid region forms initially
in the upper portions of the cylinder. Two circulation cells
form in the liquid region, which grow in size as thawing pro-
ceeds, and, when thawing is complete, four cells are formed.
This is due to a local minimum in the absorbed power formed

Figure 8. Same parameters as in Figure 7, but MWs are
incident from the top.
Greater convection results in uniform temperature distribu-
tion within the sample.
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Figure 9. Parameters similar to that of Figure 7 when
12=12 elements are used.
Results are shown for 10=10 elements.

at the lower half of the sample. Figure 8 is similar to Figure 7
with the MWs incident from the top of the sample. In con-
trast liquid regions form at the bottom of the sample. Due to
the higher power absorption occurring at the bottom of the

Žcylinder, convection is greater larger numerical values of the
.stream function here than in the bottom incidence case

Žwhere the hotter fluid was at the top of the sample Figure
.7 . Comparison of the temperatures in the liquid indicates

that enhanced convection leads to more uniform tempera-
tures in the liquid regions. The increased distribution of heat
lowers the thawing time to t s1.158. In contrast to the bot-
tom heated case where four convection cells appear when the

Ž .sample is totally thawed Figure 7 two large convection cells
extend across the sample for MWs incident from the top
Ž .Figure 8 .

In order to investigate the effect of the oscillation at the
interface between the liquid and mushy regions which are
observed in Figures 7 and 8 we carried out a series of dis-
cretization tests. The results shown in Figure 7 were carried
out for 12=12 elements. A comparison with 10=10 elements
is shown in Figure 9. Although the oscillations which occur
during the initial stages of thawing in the power contours are

Ž .larger in magnitude for the coarser discretization Figure 9 ,
there is virtually no change in temperatures and stream func-
tion values. The total thawing time remains unaffected. Other
discretization tests also indicate that small oscillations in
power are smoothed out due to conduction and have little
effect beyond a minimum refinement. Although a very fine
mesh might remove these oscillations at a considerable in-

Figure 10. Power and temperature contours with the
thawed region in the absence of convection
during microwave thawing for a Ds1 cm
cylinder exposed to microwaves from the
bottom.
DrD s 0.18, Drl s 0.58, Pr s 0.5, G s 9, St s 6.8, Bisp m m
0.01. The temporal changes in power and temperature are
similar to the case with convection and bottom incidence
Ž .Figure 7 .

crease in computer time, our studies indicate that an oscilla-
tion free power absorption is not necessary to capture con-
verged results in temperature and stream functions. We fur-
ther note that the oscillations are considerably reduced as
thawing proceeds.

In order to study the importance of convection on the
thawing dynamics we carried out a simulation when thawing
occurs by conduction alone. In Figure 10 the parameters are
similar to those of Figures 7 and 8; however, convection in
the liquid is absent. Results are shown for MWs incident from
the bottom. Since convection is absent, the direction of MWs
has no effect. The temporal changes in power and tempera-
ture are similar to the case with convection and bottom inci-

Ž .dence Figure 7 , indicating that convection in the liquid plays
a small role due to the hot fluid forming in the upper por-
tions of the sample. In contrast convection can have a strong
effect when the hotter fluid is at the bottom of the sample
Ž .Figure 8 , reducing the thawing time by about 30% and re-
sulting in more uniform temperatures.

When the diameter of the sample is increased, some inter-
Ž .esting dynamics occur. In Figure 11 bottom incidence the

sample diameter Ds2 cm, and DrD s0.87. In contrast top
the previous cases, thawing is seen to occur from both the
upper and lower portions of the sample. The maximum in
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Figure 11. Power, temperature and stream function
contours during microwave thawing for a D
s2 cm cylinder exposed to microwaves from
the bottom.
DrD s 0.87, Drl s 0.98, Pr s 0.5, Ra s1.33416=10 5,p m m
Gs 9, St s 6.8, Bis 0.02. Strong convection occurs duem
to a power maxima at the bottom.

power appears at the incident face during the early stages of
thawing, and thawing occurs from both the top and bottom
faces. At t s0.24, the liquid regions extend across the sam-
ples with two mushy regions on opposite faces as seen in Fig-
ure 11. This situation gives rise to a cusp between the liquid
and mushy regions. Convection is strong in this case due to
the presence of the power maximum at the bottom. The op-
posite effect occurs when MWs are incident from the top
Ž .Figure 12 . Since the maximum in power is located only in a
small region at the top of the sample, convection is not dras-
tically reduced when compared with Figure 11. Figure 13 il-
lustrates the situation in the absence of convective effects in
the liquid region. Although there is an increased rate of

Ž .thawing during the initial stages t s0.14 , the rate at which
liquid region forms is very similar. The absence of convection
during the early stages of thawing leads to an increase in the
temperatures of the liquid regions and enhances the thawing
during the early stages.

Figure 14 illustrates thawing in a sample where the DrDp
s3.73 for Ds2 cm. This is the largest DrD ratio investi-p
gated. When MWs are incident from the bottom, liquid re-
gions first form at the top face of the sample. In addition, a
circular pocket of liquid appears in the lower portions of the
sample. As thawing proceeds, the disconnected liquid regions
merge, leaving two unthawed regions as seen t s0.2. The
effect of the larger DrD ratio is seen only during the finalp

Figure 12. Same parameters as in Figure 11, but MWs
are incident from the top.
Convection is not drastically reduced when compared with
Figure 11.

stages of thawing when the power absorption decays from the
incident face. Since the hotter regions are at the bottom of
the sample, convection is strong and the temperatures in the
fluid are quite uniform. When MWs are incident from the

Ž .top Figure 15 , the formation of liquid regions is similar in
Ž .nature but inverted . The main difference with the bottom

incident case occurs during the late stages of thawing, where
considerable stratification in temperature is observed due to
the hotter fluid being in the upper regions of the sample.
Convection plays a smaller role as seen by the lower values
for the stream functions at t s0.3. When convection is ab-
sent in the liquid, the temperature distributions are very simi-
lar to those observed in the presence of convection during

Žthe early and intermediate stages of thawing Figures 14 and
.16 . During the final stages of thawing the stratification in

Žtemperatures is similar to that observed in Figure 15 top
.incident where convection is suppressed.

Figure 17 illustrates the average power and temperature
profiles for Ds1 cm and Ds2 cm samples. In all cases there
is an increase in absorbed power during the initial stages of
thawing. The invariance of the average temperature for dif-
ferent cases is expected due to the small heat loss at the
boundaries.

Discussion
Our results indicate that, when DrD <1, the MW powerp

absorption is uniform and thawing occurs uniformly across
the sample, and, at the final stages of thawing, the entire
region transforms to a liquid. Due to the unformity of power
absorption at these length scales, both the direction of MWs
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Figure 13. Power and temperature contours with the
thawed region in the absence of convection,
during microwave thawing of Ds2 cm cylin-
der exposed to microwaves from the bottom.
DrD s 0.87, Drl s 0.98, Pr s 0.5, G s 9, St s 6.8, Bisp m m
0.02. The absence of convection leads to higher tempera-
ture in the liquid region during the earlier stages.

and convection are seen to play a small role. At intermediate
values of DrD , thawing is found to occur from the face op-p
posite to the MWs or from both faces depending on the di-
electric properties of the material. When DrD f1 and ap
maximum in power occurs at the face opposite the incident
face, the directionality of MWs plays an important role. Con-
vection can transfer heat more efficiently when the hot fluid
is at the bottom of the cylinder leading to a decrease in thaw-
ing times. These features are observed in Figures 7 and 8.
The effect of the orientation of MWs on the convection and
internal temperatures are similar to those observed by Ayappa

Ž .et al. 1994 in their MW driven liquid convection studies,
where strong convection and uniform heating was found for
samples where the maximum power absorption occurred at
the bottom of the sample.

In addition to a uniform power absorption, convection is
also suppressed if multiply disconnected liquid regions form.
Convection is reduced due to the smaller area available for
flow in these regions. This is seen in Figures 11]13 where
two disconnected liquid regions exist till the final stages of
thawing for the Ds2 cm sample. Even though a strong max-
imum in power absorption occurs, convection plays a minor
role here. This is clear on comparing the thawing times for

Ž .bottom and top incidence Figures 11]12 . A similar pattern
is observed in Figures 14]16 where DrD 41. Here againp
two disconnected regions which form during the early stages

Figure 14. Power, temperature, and stream function
contours during microwave thawing for a D
s2 cm cylinder exposed to microwaves from
the bottom.
DrD s 3.73, Drl s1.58, Pr s 0.5, Ra s1.33416=10 5,p m m
Gs 9, St s 6.8, Bis 0.02. Strong convection leads to uni-m
form temperature profiles.

of thawing considerably suppress convection. This is evident
on examining the stream functions at t s0.2 and 0.3 in Fig-
ure 14. Convection, however, does play a small role at the
later stages of thawing for the bottom incident case where

Žthe power decays monotonically from the incident face Fig-
.ure 14 . Convection helps in carrying heat away from the bot-

tom and a smaller unthawed region is left, when compared
with the top incident case where temperatures are stratified
Ž .Figure 15 . Another point to note is the lower importance of
convection during thawing in the larger sample, which have
greater Rayleigh numbers, when compared with the smaller
samples. This is primarily due to the presence of these dis-
connected liquid regions and smaller levels of power absorp-
tion.

The pattern of convection cell formation in the liquid phase
deserves some mention. It is largely dictated by the power
absorption and the topology of the unthawed regions. When
the power maximum is at the top of the sample multiple cell
Ž . Ž .greater than two formation is favored Figures 7 and 15 .
This is also favored by the presence of local minima in the
lower regions of the sample where the splitting in cells occurs
Ž . Ž .Figure 7 . Uniform power absorption Figures 5 and 6 or
the presence of the power maximum at the bottom of the

Ž .sample Figures 8 and 11 lead to two large convection cells
that extend across the sample. The presence of unthawed re-
gions can give rise to secondary cells as seen in Figure 14 at
the later stages of thawing.
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Figure 15. Same parameters as in Figure 14, but MWs
are incident from the top.

Ž .In contrast with the bottom incident cylinder Figure 14
stratification of temperature profiles are observed at the
later stages of thawing and convection is suppressed.

Before concluding, we would like to discuss briefly the small
oscillations observed in some cases during the early stages of
thawing. The reasons for this feature could be attributed in
part to the large gradients in power during the initial stages
Ž . Ž .Figure 17 . It is well known that oscillations Voller, 1996 in
the front position are found to increase with a decrease in

Ž .Stefan number St sC DTrl . In conventional melting stud-0
ies the Stefan number is based on the temperature difference
between the surface temperature and melting point. How-
ever, during MW thawing, this definition cannot be used. The
St used in our work is based on a maximum allowable DTm
within the samples which may not reflect the true gradients.

Ž .Consequently, the Stefan number St may be very low dur-
ing the initial stages of thawing due to the small variation in
temperature which could be responsible for the small oscilla-

Žtion observed. In addition to detailed convergence tests dis-
.cussed earlier we find these oscillations are damped out as

Ž .thawing proceeds due to the increasing DT . Hence, we did
not pursue this issue any further.

Conclusion
We have carried out extensive computations on 2-D MW

thawing with internal convection of cylindrical samples with a
distinct melting point. The enthalpy formulation with a su-
perficial mushy region around the melting point efficiently
captures multiple thawed domains that arise due to the pene-
tration of MWs, permitting the computations to be carried
out on a fixed mesh. All computations were carried out for a

Figure 16. Power and temperature contours with the
thawed region in the absence of convection,
during microwave thawing for a Ds2 cm
cylinder exposed to microwaves from the
bottom.
DrD s 3.73, Drl s1.58; Pr s 0.5, G s 9, St s 6.8, Bisp m m
0.02. During the final stages of thawing the stratification in

Žtemperatures is similar to that observed in Figure 15 top
.incidence where convection is small.

low dielectric loss, solid or frozen phase. A wide spectrum of
thawing scenarios was investigated by varying the liquid-phase
dielectric properties and sample diameters. Consequently,
thawing was contrasted between samples where 0.032 -
DrD -3.73 and 0.10- Drl -1.58. These ratios are com-p m
puted based on the liquid phase D and l . In all cases Prp m
s0.5 and the Rayleigh number varied from 1.067=103 for
the smallest diameter to 1.33416=105 in the largest sample

Ž .studied Ds2 cm . Thawing was contrasted for MWs being
incident from the top and bottom faces of the cylinder and
also with the thawing dynamics in the absence of convection
in the liquid.

Our simulations indicate that for small sample diameters
where DrD <1, convection plays a small role and thawingp
is independent of the direction of MWs. At intermediate val-
ues of DrD where a strong maximum occurs in the power,p
convection plays an important role. If the power maximum is

Žlocated at the bottom of the sample depending on the orien-
.tation of MWs , convection is favored, heat is transported

more effectively, and the thawing time is reduced. In contrast
when the power maximum is at the top of the sample, the
temperature gradients are increased. The position of the
power maximum also dictates the pattern of convection cell
formation. Multiple cells are favored when the power maxi-
mum is at the top of the sample or when unthawed regions
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( I3 )Figure 17. Average power W ?cm and temperature
( )profiles u for various cases.

}, bottom incident; `, top incident; =, in the absence of
Ž . Ž .convection. a , b D s1 cm, DrD s 0.18, Drl s 0.58;p m

Ž . Ž . Ž . Ž .c , d D s1 cm, DrD s1.26, Drl s 0.67; e , f D s 2p m
Ž . Ž .cm, DrD s 0.87, Drl s 0.98; g , h D s 2 cm, DrD sp m p

3.73, Drl s1.58.m

break up the primary cell formation into secondary cells. The
topology of the unthawed regions is seen to influence convec-
tion. In the presence of multiply connected thawed regions
convection is generally suppressed due to the small sizes of
liquid subdomains.
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Appendix A
An estimate of the relative importance of internal convec-

Ž .tion and conduction Basak et al., 1996 may be obtained by
treating the mushy region as a porous medium in a cylinder
of diameter D. The rate of heat transfer per unit volume of
the cylinder by convection within the cylinder may be esti-
mated as

DT
H ;C u , A1Ž .conv eff ž /D

where C is the effective heat capacity of the mushy region,eff
u is the characteristic velocity due to free convection, and DT
is the characteristic temperature difference within the mushy
region. An estimate of u may be obtained from the y compo-

Ž .nent momentum balance Nield and Bejan, 1998
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­ p m
y y uy r 1y bDT g s0, A2Ž . Ž .0­ y K

where p is the pressure, r is the reference density of the0
liquid in the mushy region, m is the viscosity of the liquid in
the mushy region, K is the permeability of the mushy region,
b is the volume expansion coefficient, and g is the accelera-
tion due to gravity. Setting ps p q pX, where pX is the dy-0
namic pressure, the static pressure p satisfies0

­ p0
sy r g .0­ y

Hence, the y component momentum balance is

­ pX m
y y uq r bDTg s0. A3Ž .0­ y K

Since the flow is driven by buoyancy, the contribution from
pressure driven flow is small, and an estimate of the charac-
teristic velocity obtained by balancing viscous and body force
terms in Eq. A3 is

K r bDTg0
u;u ; . A4Ž .y m

The rate of heat transfer per unit volume of the mushy re-
gion by conduction may be estimated as

DT
H ; k . A5Ž .cond eff 2ž /D

Hence, the ratio of heat transfer by convection and conduc-
tion obtained from Eqs. A1, A4 and A5 is

H C K r b gDTDconv eff 0
; Ra ' , A6Ž .pH k mcond eff

where Ra is the Rayleigh number for the porous medium.p
For a porous medium composed of spheres of diameter d ,p
the permeability estimated using the Carman-Kozeny equa-

Ž .tion Nield and Bejan, 1998 is

d2e 3
p

K s , A7Ž .2180 1yeŽ .

where e is the porosity.
The parameters in Eq. A6 are estimated in SI units as fol-

Ž y2 . y7lows. If d is O 10 , e s0.5, then K s2.8=10 . Withp
Ž 3. Ž 3. Ž y4. Ž .C sO 10 , r sO 10 , b sO 10 , g sO 10 , DT seff 0

Ž . Ž y4.0.2, Ds0.02, k sO 1 and msO 5=10 , H rHeff conv cond
;2.22=10y3.

Appendix B
This section discusses the procedure used to evaluate the

ŽRBC within the boundary integrals the last terms of Eqs. 35
.and 36 for a half domain as shown in Figure 3. The first

terms in Eqs. 21 and 22 within the boundary integral are

evaluated over all the elements in the half domain. In con-
trast, the second and third terms of Eqs. 21 and 22 include
the product of boundary integrals for the half as well as the
full domain. We outline the derivation only for the second
term of Eq. 21. A similar approach is used for the other terms
in the RBC which involve double integrals. Consider the half

Ž .domain consisting of M nodes on G see Figure 3 which2
Ž .implies a total of 2 My2 electric field ® , w unknowns forz z

the full domain. Expanding the second term of Eq. 21, and
incorporating the expansion Eq. 34 for ® , we getz

`

w xRe D I I q I I B1Ž .Ž .Ý n 11 12 21 22
ns 0

where

I s F f cos nf df ,Ž .H11 i
G2

2 M y2
2p X X XI s ® F f cos nf df ,Ž .HÝ12 z , j j

0js1

I s F f sin nf df ,Ž .H21 i
G2

2 M y2
2p X X XI s ® F f sin nf df . B2Ž . Ž .HÝ22 z , j j

0js1

The integrals I and I are evaluated over all the elements11 21
on G . To evaluate I and I , we exploit the reflective sym-2 12 22
metry for the ® s since we are only interested in the solutionj
on G . Noting that for a given node 1- j- M on G , the2 2
equivalent reflected node is 2 My j,

M
2p X X XI s ® F f cos nf dfŽ .HÝ12 z , j j

0js1

2 M y2
2p X X Xq ® F f cos nf dfŽ .HÝ z , j j

0js M q1

M
2p X X Xs ® F f cos nf dfŽ .HÝ z , j j

0js1

M y1
2p X X Xq ® F f nf dfŽ .HÝ z , j 2 My j

0js 2

M
2p X X Xs ® F f cos nf dfŽ .HÝ z , j j

0js1

2p X X Xq b b F f cos nf df .Ž .H1 j M j 2 My j
0

I can be evaluated in a similar manner. The final form of22
the second term in Eq. 46 is thus obtained with the substitu-
tion of I , I , I and I into Eq. B1.11 12 21 22
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